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A recently proposed method for regularizing chiral gauge theories non-perturbatively is 
discussed in detail. The result is an effective action which can be computed from the lattice 
gauge field, and which is suited for numerical simulations. 

I 81. Introduction 

Formulating chiral gauge theories on the lattice is one of the great challenges in 
particle physics. The solution of this problem would lead to a new, qualitative and 
' quantitative understanding of these theories. 

To pay tribute to the topological nature of the problem, it has been suggested ^ 
to discretize the gauge fields only and consider the fermions in the continuum. By 
this we mean the following. One starts from a lattice with lattice spacing a. We call 
this lattice the original lattice. This is also the lattice on which the simulations of 
the gauge fields will be done. Then one constructs a finer lattice with lattice spacing 
Of. On this lattice one places the fermions. We shall assume Wilson fermions to 
remove the doublers. Before one can state the action on the fine lattice, one has 
to extrapolate the gauge fields to the interior of the original lattice. A suitable 
extrapolation was given in ref. 2. The effective fermionic action is then derived in 
a two-step procedure. In the first step one computes the lattice effective action in 
the limit a/ — ► 0, while keeping a fixed. This action is generally not invariant under 
chiral gauge transformations. Chiral gauge invariance can, however, be restored by 
adding a few local bosonic counterterms to the action. The second step then is to 
determine the counterterms. This can be done perturbatively. The resulting action 
is a non-local function of the gauge fields on the original lattice. One might think 
that the action will be too complicated to be of any use. But we shall see that this 
is not the case. On the contrary: a simple effective action emerges which lends itself 
to numerical simulations. For similar ideas see ref. 3. 

In this talk we shall test our idea in the chiral Schwinger model. The Schwinger 
model is particularly well suited for this task because a lot is known analytically. 
The talk is organized as follows. In sec. 2 we present some selected analytic results. 
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In sec. 3 we derive the effective fermionic action including the counterterms. In sec. 4 
we then show that the resulting action is gauge invariant, and we compare numerical 
and analytic results. Finally, in sec. 5 we conlude. 

§2. Analytic Results 

We shall mainly be concerned with the fermionic action. In the vector Schwinger 
model it reads 



S = ^J d 2 xi> a (x) p{e a A)^ a {x), (2-1) 



where the sum is over fermion flavors, e a is the charge of the fermion in units of e, 
and 

Dfi(A) = 8^ + LV (2-2) 

Note that e a is dimensionless, but e and are dimensionful. The model has a 
topological charge 

Q = ^J d 2 xe^F^(x) G Z. (2-3) 

The Schwinger model has been solved analytically in M. 2 4 ), on the sphere § 2 5 \ as 
well as on the torus T 2 6 ) " 8 ) . 

In the chiral Schwinger model the fermionic action reads 

S = E / ^ X M X ) W a {e a A)^ a {x), (2-4) 

where e a = ±1 is the chirality, and 

D^(A) = d^ + iA^P ea , (2-5) 

with 

Pe a = \il + ea75),75 = ^2 = ( ~\ \ ) • (2-6) 

In eq. (2-4) the sum is over flavors and chiralities. The action (2-4) is invariant under 
chiral gauge transformations g a = ex.p(ie a hP 6a ): 

$a^r a = i> a g a , (2-7) 

Afj, > A^ = A^ — d^h. 
The anomaly cancelling condition is 

J> a e 2 =0. (2-8) 



a 



The effective fermionic action is defined by 

exp(-W) = J V$Vi>exp(-S). (2-9) 
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In M 2 , in a background of trivial topology Q = 0, the effective action is known 
analytically both for the vector and the chiral model 4 )' 9 )' 10 \ After subtracting the 
divergent contribution arising from the free fermions, we obtain 



«V - (<9 M + ieadfj,) — (d v + \e a d p ) 



A u (x), 
(2-10) 



W(A)-Wo = J2^ [ <? X M* 

a 

where W = W(0), 

= (2-11) 

and a (not to be confused with the lattice spacing a) reflects a regularization ambi- 
guity 9 )' 11 ). The one-loop perturbative result corresponds to (2-10) with a = 1. For 
a = 1 the effective action is invariant under chiral gauge transformations (2-7). It 
follows that 

ReW(A) = ^ (Wv(A) + W ) , (2-12) 

where Wy is the effective action of the corresponding vector model. Moreover, we 
find 

ImW(A) = (2-13) 

in the anomaly-free model. For an extension of the results to non-trivial topology 
see ref. 12. 

On the T\ x Ti torus the gauge field can be decomposed according to 

A^x) = — 1„ + d^h(x) + d^f(x) + C$(x), (2-14) 

where is the zero-momentum component of the gauge field, called toron, d^h repre- 
sents the pure gauge degrees of freedom, and d^f and are the proper dynamical 
components of zero and non-zero topological charge, respectively. Note, however, 
that this decomposition is not unique with respect to large gauge transformations 8 ) . 
Let us now consider the sector of zero topological charge Q = 0. For the gauge field 
we then may write 

A fl (x) = a fl + b^(x), (2-15) 

where a M = (27r/IjJ and b fl (x) = d fl f(x) + d fl h(x). We will show now that the 
effective action factorizes: 

W{A) = W{a) + W{b). (2-16) 

We define 

AJ 1 (x)=tA„(x), (2-17) 
with < r < 1 . The effective action is then given by 13 ** 

W(A) -W Q = ~Y,J^ drTr( A ^(e a A T )) ^(e^)" 1 (2-18) 

= ~\ E e « T drTr ^ P ^ V>^A T )-\ (2-19) 
1 „ Jo 
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The particular feature of this expression is that it involves the covariant Dirac op- 
erator of the vector model only. To make the expression well defined, we use point 
splitting regularization: 

»i 



W(A) - W = - lim i £ | e Q / dr / d 2 x 4(x)P ea G(e a A T \x,x + e 



x exp(i J dz^Al(z)) + (e <-> -e)| , 

where the fermion propagator G(^4 | x, y) is a solution of the equation 

P(A)G(A\x,y) = S(x-y) 

with <5(x — y) being the torus 8 function. If G(A | x,0) is a solution of (2-21) with 
periodic boundary conditions, 



(2-20) 



(2-21) 



G(A | x + mTi +nT 2 ,0) = G{A \ x,0), 



then 



(2-22) 
(2-23) 

(2-24) 



G C (A \x,0)= exp(icx)G(,4 + c | x, 0) 

is a solution with boundary conditions 

G C (A | x + mTi + raT 2 , 0) = exp(imciTi + mc 2 T 2 )G c (^ | x, 0). 

For c M = 7r/T M this corresponds to anti-periodic boundary conditions. The propaga- 
tor can be written 

G(A | x,y) = exp(in(x) + j 5 f(x)) G(a \ x, y) exp(-i%) + J 5 f(y)). (2-25) 
At short distances \x — y\ we have 8 ) 

G(a | x,y) = exp(-ia(x - y)) (g (x, y) - ^K(a)^j + 0(\x - y\), (2-26) 

1 ©i(t_) \ 



with Go(x,y) = G(0 \ x,y) and 
/ 



V 



-iai + 





1 ©i(*H 



-iai + 



ri©i(t_) 
o 



(2-27) 



where @i(x) = @i(x | iT 2 /Ti) is the Jacobi function and t± = (T 2 /27r)(a 2 ± iai). 
From eqs. (2-25) and (2-26) we see already that the effective action factorizes. It is 
straightforward now to evaluate eq. (2-20). Using standard techniques we obtain for 
general boundary conditions 

( T T 

W{A) -W = Y J \ -^e aai {e aai + 2ci) - In |©i(e a t+ + c+)| + In |@i(c+)| 



TiT 2 

47T 



e a a 2 (e a ai + 2ci) + arg@i(e a t+ + c+) - arg6>i(c+) 



&„, (2-28) 
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where c + = (T2/2tt)(c2 + ici). This proves eq. (2-16). It follows that 

ReW(A) = ^(W v (A) + W ), (2-29) 

as in M 2 . In contrast to the previous result (2-13), the imaginary part of the effective 
action is no longer zero in the anomaly-free model. The reason for that is the toron 
field contribution 14 ) : 



ImW(A) = - J]/ 



a 

a 



47T 

A particular choice of Cf^(x) is 6 )' 8 ) 



T±T 2 

e a a 2 {e a ai + 2c±) + aigOi(e a t + + c+) - arg@i(c_) 



(2-30) 



= ~^U^- (2-31) 

The Dirac operator 

^Q=^ + ie a ^Q (2-32) 

has |Q| zero mode solutions: 

^°X? = °. i = l,-",|Q|- (2-33) 
Each eigenfunction has a definite chirality: 

« = g>J (2-34) 

The number of zero modes n + (n_) with positive (negative) chirality is then given 
by 

n + = Q9{Q), 

n- = \Q\9{-Q), (2-35) 

which is the index theorem (in two dimensions). Accordingly, the chiral Dirac op- 
erator 0® €a has \Q\ zero modes of chirality e a if and only if e a = sign(Q). The 
eigenfunctions are the same as in the vector case. Later on we will use the expres- 
sion 

Cj(z) = 2TrQe^d u G(x), x G t 2 , (2-36) 

where T 2 is the torus with the point x = removed, and G(x) is the inverse Laplacian 
on the torus satisfying the equation 

-UG(x) = 5{x) - (2-37) 



In analytic form 8 ) 



v 1 2TiT 2 2vr ^{iT^/T^) v ' 
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Fig. 1. Fermion loop diagrams contributing to the effective action. 

where z = {x\ + ix 2 )/Ti with 0[(O) = 2vrr/(iT 2 /Ti) 3 . The gauge field (2-36) is 
periodic, and it is related to the former expression (2-31) by the gauge transformation 

hix)=QReU 'i^Mh) + ^ xiX2 - (2 ' 39) 

§3. Effective Fermionic Action 

We shall first compute the lattice effective fermionic action and then determine 

the counterterms. We start from a L\ x L 2 lattice with lattice spacing a. From 

f f 

this lattice we construct a fine L[ x L 2 lattice with lattice spacing aj. In practice 
cif = a/N,N = Lj^/Lu E N. Let n„, 1 < < L^, denote the points on the fine 
lattice. The action for one species of fermion with charge e a and chirality e a is given 
by 

Se a = ^El^K^-- +P ea (l#(n)) e «V(n + £) 

- (P_ ea +P ea (C//(n-A)rV(n-A)]} (34) 
+ S Wea (Uf), 

where /} is a unit vector in ^-direction on the fine lattice, and Swe a {U^) is the Wilson 
term. On the fine lattice the link variables are 

Ufa) = exp(i^(n)) = exp (ia f ^ + " d^A^)) , (3-2) 

where is the continuum gauge field obtained by extrapolation. 
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The lattice effective action is given by 

exp(-W e J = J VmeMSeJ. (3-3) 

Due to the presence of the Wilson term, this action is not invariant under chiral 
gauge transformations. Classically the Wilson term vanishes to order a,f. However, 
in fermion loops as shown in fig. 1, which receive contributions from loop momenta of 
the order of the cut-off ~ ir/aj, the Wilson term will in general give a finite contribu- 
tion to the effective action. Because the effective action refers to classical background 
gauge fields, we need not consider diagrams with internal gauge boson lines. In the 
limit a,f — > the non-gauge invariant contribution of the loop integrals is expected to 
contract to a multi-gauge boson amplitude, so that chiral gauge invariance may be 
restored by adding a few local bosonic counterterms to the action. The advantage of 
this method, as opposed to the Rome approach 16 ) , is that the counterterms can be 
computed perturbatively, and no (non-perturbative) fine-tuning of the coefficients is 
required. We write 

Wf a = W ea +C, (3-4) 
where C denotes the counterterm. The task is then to determine C, so that 

W ea = lim Wf (3-5) 

is invariant under chiral gauge transformations in the anomaly-free model. 
For the Wilson term one has several choices. We shall take 



= 2H-E^ n )W(") - [P-e a +Pe a (Uf(n)r^(n + fi) 

f n,/j, 

-[P_ eQ + P e „(C#(n - /i)) eQt ]V>(n - /})}, (3-6) 

where the superscript + (— ) means forward (backward) derivative. This Wilson 
term has two important properties which, e.g., the ungauged and the gauged Wilson 
terms of the vector model do not have. 

In order that the lattice theory is in the same universality class as the classically 
defined theory, it must obey the index theorem. The lattice fermionic action can be 
written in the matrix form 

4> (ft ea - ^M ea ^j Y>. (3-7) 

The Dirac operator p ea is a finite matrix now. Thus p ta and p ea ^ have the same 
number of zero modes. It is furthermore easy to see that 

]J)^=]p-^. (3-8) 



This tells us that the chiral lattice Dirac operator has the same number of right- 
handed and left-handed zero modes, thus violating the index theorem (2-35). The 
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situation is different if we include the Wilson term. A necessary requirement for the 
index theorem to be valid on the lattice is 

M ea] + M~ €a . (3-9) 

The Wilson term (3-6) fulfills this requirement, unlike the ungauged and the gauged 
Wilson term of the vector model. In ref. 17 we will show that the Wilson term (3-6) 
in fact fulfills the index theorem. 

The Wilson term couples right- and left-handed fermions. In order that the 
theory is chiral, the ungauged fermion must decouple in the limit aj — > 0. This is 
the case if the action is invariant under the transformations 15 ) 

^_ £a = P_ e > - + ri, (3-10) 
4>- ea = iiP ea ^^ €a +fj, (3-11) 

where 77, f\ are constant Grassmann variables. We denote the fermion propagator 
corresponding to the action (3-1) in momentum space by G 6a (p). If the action is 
invariant under the transformation (3T0), we find 



+ — 7/ ,sin(a /P/1 ) + — £[1 - cos(a /PM )] (3-12) 
V a / a f V / 

and if the action is invariant under the transformation (3-11), we find 

g£(p) = ( -ivf? (p) + - Et 1 - cos («/^)] ) ^ 

+ (^7m sin(a^) + {p^J P^ a , (3-13) 

where f^ a and m £a (jp), m~ ea (p) are left undetermined. If the action is invariant under 
both transformations, (3T0) and (3-11), as was originally considered in ref. 15, then 

m ea (p) = m~ ea (p) = — Y^[l - cos(a/p /1 )]. (3T4) 
a f V 

Remember that the gauged (ungauged) fermion has chirality e a (— e a ). The Dirac 
part of the action (3-1) is invariant under both transformations (3-10) and (3-11). 
The Wilson term (3-6) is invariant under the transformation (3T0), but not under 
(3-11). From the propagator (3-12) we read off that in the limit a/ — > the theory 
describes a free, massless fermion with chirality — e a , plus an interacting fermion with 
chirality e a . The interacting fermion will, in general, require a mass counterterm to 
become massless, while for the free fermion no tuning of the mass is necessary. This 
means that the ungauged fermion decouples. If the action is invariant under both 
transformations, then the interacting fermion will automatically be massless in the 
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continuum limit, which follows from (3-14). The gauged Wilson term of the vector 
model, e.g., is not invariant under any of the two transformations. 

We shall now compute the counterterm. In two dimensions the only diagrams 
one has to consider are those in fig. 1. In the continuum they require (at most) a 
counterterm of the form 



ce 2 a J d 2 xAl(x). (3-15) 



To compute the coefficient c we proceed as follows. The contribution of the diagrams 
in fig. 1 to the effective action has the form 

[ d 2 kA^k)n^(k)A v (-k), (3-16) 

a 

where U ]tu(k) is the polarization tensor. The polarization tensor is given by 

/W*) = U' A + ^f^ g) + 0(a f ), (3-17) 



where k^ = e^ky. For the Wilson term (3-6) the coefficients are 

r d 2 p ( 2cjsj + 2rc 1 sjs 2 + r 2 s\{s 2 ) 2 - c\s 2 s\-rcis 2 

~ J_ n (>)2 \ (S 2 + (S 2 ) 2 ) 2 + S 2 + (<* 2 ) 2 

and 

r * d 2 p (2c 2 s 2 + 4rc lS 2 s 2 -r 2 s 2 (s 2 -(s 2 ) 2 )-c 2 (s 2 + (s 2 ) 2 ) 



B = 



« (2vr) 2 1 (s 2 + (s 2 ) 2 ) 2 

s\ — rc\s 2 "1 
s 2 + (s 2 ) 2 ' ' 



+ 1 . 7^1 ) > (3-19) 



where = cosp M , s M = sinp^ and s 2 = 2r ^ A sin 2 (j»A/2). The integral in (3-19) can 
be done analytically, giving 

B = — (3-20) 

for all r > 0. For r = the result is B = 1/tt, which is a factor of four larger, as it 
should be, because we have four identical flavors in this case. For (3-18) and r = 1 
we obtain numerically 

A = 0.199006. (3-21) 

The effective action, including the counterterm, is gauge invariant if A + 2c = B. 
Thus we find for the coefficient of the counterterm 

c= -(B — A) = —0.059714. (3-22) 
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§4. Numerical Test 

Because of lack of space we shall confine our tests to a few topics. Most important 
is the test of chiral gauge invariance of the effective action (3-5). If successful, it 
would mean that chiral gauge theories exist at the non-perturbative, constructive 
level. Among the analytic results that need to be tested are factorization of the 
effective action and eq. (2-30). These results are particularly important for numerical 
simulations of the theory. 

Before we begin our tests, let us briefly mention the extrapolation we are using 2 ). 
We start from the link variables on the original lattice, 

U^s) = exp(i^(s)), -vr < M (s) < vr, (4-1) 

where € Z are the lattice points on the original lattice. We define the plaquette 
variables 

P(s) = f/i(s)c/ 2 (s + i)E/i(* + 2) t t/ 2 (s) t = exp(iw(«)), -vr < u(s) < it. (4-2) 
We then have 

dte 2 (s) - d+e^s) = u(s) - 2irn(s), (4-3) 

with n(s) = 0, ±1. The cases O^s) = tt, uj(s) = ir correspond to exceptional 
configurations, for which the topological charge is not defined. These configurations 
are of measure zero and will be excluded from our discussion. Following ref. 2 we 
then obtain for the continuum gauge field 

aAi(x) = 0i(s) + [-0i(s) + 9i(s + 2) - 2irn(s)](x 2 - s 2 ) + 2T:n{s)6{x 2 - x 2 ), 
aA 2 (x) = 6 2 (s) + [-9 2 (s) + 6 2 (s + i)](xi - si) + 2vrn(s)(a;i - s l )5{x 2 - x 2 ), 

(4-4) 

where 

x € c(s), c(s) = {x G T 2 | s M < x^ < s M + 1}, (4-5) 
and where x 2 is implicitly defined by 

0i(s) + [-9 2 (s) + 9 2 (s + i) - w(s)](x 2 - s 2 ) = -irn(s). (4-6) 

It follows that — 7T < aA^x) < tt, except on the singular line x 2 = x 2 , s± < x\ < 
s\ + 1. The extrapolation is gauge covariant, and the parallel transporters derived 
from the continuum gauge field are consistent with those on the original lattice. In 
particular we have 

a 2 F 12 (x) = u(s), x G c(s). (4-7) 

We first discuss the case of trivial topology. For compact lattice fields we have 
the decomposition 

2"7T ~ 

0^s) = - r t^ + d+h(s)+d-f(s), (4-8) 

where f(s) is defined by □/(«) = uj(s) with □ = d+d~. Unlike in the continuum, 
where was determined up to an integer, is non-invariant under a wider class of 
large gauge transformations. 
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Fig. 2. The effective actions ReW s - W and ImW- (o) for a pure toron field configuration with 
(t, 4>) = (0.5, tt/8) and (e a , e a ) = (1, -1) plotted against l/V f . Also shown is (W v - W )/2 (□). 
The numerical results are compared to the analytic results (x) given in (2-28), (2-30). 



All our calculations are for periodic boundary conditions for the gauge fields and 
anti-periodic boundary conditions for the fermions. We work on symmetric lattices 
with L\ = L2. The lattice effective action is computed by means of the Lanczos al- 
gorithm 18 ) . Note that the fermion matrix is not Hermitian in our case. The Lanczos 
vectors are re-orthogonalized after every iteration. Due to re-orthogonalization the 
CPU time grows with Vj, where Vf = L{ X L^, and the memory demand grows with 



V 2 



To begin with, let us consider pure toron fields. Writing 



t\ = t cos 4>, <2 = t sin (f>, 



we take 



t = 0.5, <f> = 



7T 



(4-9) 



(4-10) 



For this choice of 4> the imaginary part of the effective action is close to its maximal 
value for any given value of t. As the anomaly is zero in this case, we may consider a 
single chiral fermion. We choose e a = 1 and e a = — 1. In fig. 2 we plot the effective 
action (3-4), 



W 1 



C = W_ + c^(2-C//(n)-C//(n)t 



(4-11) 
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Fig. 3. The variance AReW^ and AlmW- for the toron field configuration plotted against 1/Vf. 



with c being given by (3-22), as a function of 1/Vf. We see that the numerical 
results converge to the analytic values in the limit a/ — ► 0. We furthermore see that 
ReW? -> (W v + W Q )/2. 

Next we consider the effect of a small random lattice gauge transformation, 
described by h(s), on the toron field configuration (4-10). To monitor the variation 
of the effective action under such transformations, we introduce the measure 



(4-12) 



where the sum is over a set of N gauge transformations, X is the starting value, and 
X h is the result after the gauge transformation. If the quantity X is gauge invariant, 
clearly AX = 0. In fig. 3 we plot AReW^ and AlmW- as a function of 1/Vf. The 
number of gauge transformations N varied between 20 and 100, depending on Vf. 
We see that both AReWE and AlmW- go to zero as expected in the limit a/ — > 0. 

To check factorization (2-16) and the analytic results (2-28), (2-30), one needs 
to consider more general gauge fields. We consider the continuum gauge field 



A^x) = c^cos 1 



2vr 



(4-13) 



corresponding to a plane wave plus toron solution. On the lattice this gives (cf. 
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Fig. 4. The effective actions ReW^ — Wo and ImW_ for the configuration (4-14) with t M = (o) 
and (t,<j>) = (0.5, 7r/400) (•). The numerical results are compared to the analytic results (x) 
given in (2-28), (2-30). 





eq. (3-2)) 

9l(n) = a f c li sm[ ) ( ] cos ( + ) + =^ V (4-14) 

The virtue of this configuration is that it allows to compute the continuum effective 
action analytically. We choose T\C\ = T^ci = 0.32 and k\ = 1, &2 = 0. In fig. 4 we 
show ReVFf and ImWi 7 for ^ = and t = 0.5, <j) = vr/400. The reason for choosing 
such a small value of (p was to make the plane wave and toron contribution about 
equal in magnitude. We see in both cases that the numerical results converge to the 
analytic values in the limit a/ — > 0. In particular this confirms factorization, and 
that the non-toron part of the effective action is given by the M 2 result stated in 
eqs. (2-10) and (2-28). 

We shall now consider a gauge field configuration generated by Monte-Carlo with 
the pure gauge field action at (3 = 1/e 2 = 6.0. We have chosen a configuration with 
no vort ex- ant i vortex pairs. In this case the imaginary part of the effective action 
is not expected to be gauge invariant anymore for a single chiral fermion. But it is 
expected to be gauge invariant in the anomaly-free case. To test gauge invariance, 
we have computed ^ReWi 7 , Z^mVFi 7 as well as AlmW^, where the subscript a 
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Fig. 5. The variance AReW s and AImW a (•), together with AlmW a (o), for a Monte Carlo 
generated configuration plotted against 1/Vf. 



stands for the anomaly-free model with e a e a = — 1, — 1, — 1, — 1, +2. The result is 
shown in fig. 5. We see that z^RelVi 7 and ZllmWf go to zero in the limit ay — > 0, 
which means that gauge invariance is restored. On the other hand, we find that 
AhaW^ does not vanish, which is a consequence of the presence of the anomaly. 

Let us now turn to topologically non-trivial configurations. Here we restrict 
ourselves to the sector \Q\ = 1. For the lattice gauge field we take (cf. (2-36)) 



C$(s) = 27rQe^d-G(s), (4-15) 

where G(s) is the inverse lattice Laplacian. We have checked that the action (3-1) 
satisfies the index theorem. We have furthermore verified that the effective action 
factorizes into a toron and a non-toron part, where both the real and imaginary part 
of the toron contribution are given by the analytic formulae (2-28) and (2-30). We 
have no space to show the results here. We have also checked gauge invariance. In 
fig. 6 we show Z\ReWj? and AhnW a for the configuration (4-15) and a single random 
gauge transformation. We have divided out ReW^ because the action increases 
strongly with decreasing 1/Vf. We find that both RelVi 7 and ImW a are gauge 
invariant in the limit o/ — > 0. 
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Fig. 6. The variance AReW^ and ZiImVK a for a \Q\ = 1 configuration plotted against 1/Vf. 

§5. Conclusions 

Due to space limitations we were only able to show some of our results. In 
particular, we had to omit the discussion of large gauge transformations. Some 
preliminary mention of this topic can be found in ref. 19. In general, the action is 
not invariant under such gauge transformations. The action of the transformed field 
will, however, diverge in the limit aj — > 0, so that this configuration has zero weight 
in the partition function. This is not a shortcoming of our method. The same result 
is found in the continuum. 

We may conclude that we have found a non-perturbative, gauge invariant for- 
mulation of chiral gauge theories. In the sector of trivial topology the real part of 
the effective action converges to iWy + Wq)/2 in the continuum limit, whereas the 
imaginary part becomes a function of the toron field only in the anomaly-free model. 
The effective action may then be written 

W = \{W V + W ) +ilmW, (5-1) 



with 



27T 

ImW = ImW(a), a M = — 1„ 



(5-2) 



being given by (2-30). The result for the real part, namely that it is given by half the 



16 



action of the vector theory, was already conjectured in ref. 13. The imaginary part 
of the effective action can be computed analytically directly from the lattice gauge 
field. Thus we have arrived at an action which can be simulated on the original 
lattice with not much more effort than that of the vector theory. 

In the sector of non-trivial topology the result for the real part has to be modified, 
while the result for the imaginary part will be unchanged. We shall return to this 
problem in the near future. 

We see no problem in extending the method to higher dimensions. Work on a 
chiral U(l) model in four dimensions is in progress. 
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